Consistency between dynamical and thermodynamical stabilities for
  perfect fluid in $f(R)$ theories by Fang, Xiongjun et al.
ar
X
iv
:1
70
5.
05
97
7v
2 
 [g
r-q
c] 
 24
 M
ay
 20
17
Consistency between dynamical and thermodynamical stabilities for perfect fluid in
f(R) theories
Xiongjun Fang,1, ∗ Xiaokai He,1, 2, † and Jiliang Jing1, ‡
1Department of Physics, Key Laboratory of Low Dimensional
Quantum Structures and Quantum Control of Ministry of Education,
and Synergetic Innovation Center for Quantum Effects and Applications,
Hunan Normal University, Changsha, Hunan 410081, P. R. China
2School of Mathematics and Computational Science,
Hunan First Normal University, Changsha 410205, China
We investigate the stability criterions for perfect fluid in f(R) theories which is an important gen-
eralization of general relativity. Firstly, using Wald’s general variation principle, we recast Seifert’s
work and obtain the dynamical stability criterion. Then using our generalized thermodynamical
criterion, we obtain the concrete expressions of the criterion. We show that the dynamical stability
criterion is exactly the same as the thermodynamical stability criterion. This result suggests that
there is an inherent connection between the thermodynamics and gravity in f(R) theories. It should
be pointed out that using the thermodynamical method to determine the stability for perfect fluid
is simpler and more directly than the dynamical method.
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I. INTRODUCTION
The idea that there exist some deep connections be-
tween thermodynamics and gravity has been accepted
widely since the establishment of the black hole thermo-
dynamic laws. Some important works further reveal the
relation between gravity and thermodynamics. Jacob-
son considered that the Einstein equation can be derived
from thermodynamical relation which hold on Rindler
causal horizons [1], or the equilibrium of total entangle-
ment entropy in “Causal Diamond” [2]. Verlinder sug-
gested that the gravity is the entropy force [3]. In re-
cent years, the proofs of the maximum entropy principle
showed that the gravitational equation can be derived
from the constraint equation and the maximum of total
entropy [5–10]. All these researches are trying to estab-
lish a correspondence between the first variation of ther-
modynamic quantities and gravitational equation. How-
ever, assuming that the thermodynamic relation contains
all information of gravity, it is naturally to investigate
whether the second variation of thermodynamic quan-
tities corresponds to the first variation of gravitational
equations.
It is well-known that using the first variation of gravi-
tational equation one can obtain the dynamical stability
criterion. Chandrasekhar first discussed this problem and
got the stability criterion for perfect fluid in general rela-
tivity [11]. Based on the works of Chandrasekhar, Fried-
man and Schutz [13–15], Friedman defined “canonical en-
ergy” and considered that it can provide the stability cri-
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terion [16]. Seifert and Wald developed a general method
to obtain the dynamical stability criterion for spherically
symmetric perturbation in diffeomoephism covariant the-
ories [17]. Meanwhile, the second variation of thermody-
namic quantities, such as total entropy, can provide the
thermodynamical stability criterion. A system is thermo-
dynamical stable means that the system is in the ther-
modynamical equilibrium and the second variation of the
total entropy of the system is negative, δ2S < 0. Using
thermodynamical method to handle the stability problem
is more directly than dynamical method.
An interesting question is whether the dynamical
method can be replaced by thermodynamical method. In
other words, one can ask whether the dynamical stabil-
ity criterion is the same as the thermodynamical stability
criterion. In fact, Cocke presented the maximum entropy
principle, and suggested that the thermodynamical sta-
bility is the same as dynamical stability [19]. Recently,
Wald et al. [20] proved that in general relativity the
thermodynamical stability is the same as the “canonical
energy” presented by Friedman. With the definition of
AMD mass, the proofs in Ref. [20] need a crucial as-
sumption that the spacetime should be asymptotically
flat. Roupas [21] also proved that the maximum of to-
tal entropy for perfect fluid gives the same criterion for
dynamical stability obtained by Yabushita [22].
In Ref. [23], we presented a generalized thermody-
namical criterion, which is the second variation of total
entropy for perfect fluid star. And we showed that in
general relativity it can provide the same stability cri-
terion as the dynamical stability criterion obtained by
Wald [17]. It should be mentioned that all the previ-
ous works are focused on the cases in general relativity.
However, whether the dynamical method can replaced
by thermodynamical method in modified theories is not
clear. As an important generalization of general relativ-
2ity, f(R) theories can explain the accelerated expansion
of the universe because it contains higher order invariants
in the action [24, 25]. In this manuscript, we show that
the dynamical stability criterion is the same as the ther-
modynamical stability criterion in f(R) theories, which
implies that there is an inherent connection between ther-
modynamics and gravity.
The rest of this paper is organized as follows. In Sec-
tion II, we briefly review wald’s general variation princi-
ple. Since the result in Ref. [18] can not directly degen-
erate to general relativity, we recast the process of how
to obtain the stability criterion by dynamical method.
And our result can directly degenerate to general rela-
tivity. In Section III, we introduce the general thermo-
dynamical stability criterion firstly and then show how
to directly determine the stability criterion by thermody-
namical method. At last, we summarized our manuscript
with some discussions. It should be noted that only the
basic idea and the main results are presented in Section
II and Section III. The complicated derivation processes
are described in Appendix B and Appendix C.
Throughout our manuscript, we use the sign conven-
tions of Ref. [26]. Units will be those in which c = G = 1,
and the factor κ = 8π in gravitational equations will be
ignored. We denote fR ≡ ∂f∂R and b = δ(fR) = fRRδR.
In order to distinguish S in Ref. [18] from the total en-
tropy S in our manuscript, we introduced a new quantity
written as F = f ′R + 2r fR.
II. DYNAMICAL METHOD
A. Wald’s general variation principle
In this subsection we will briefly review the general
variation principle presented by Seifert and Wald [17].
Referring to Ref. [27, 28] makes it available to obtain
more details and discussions. Consider a diffeomorphism
covariant Lagrangian four-form L, constructed from dy-
namical field Ψ, which consist of the spacetime metric
gab and other additional fields. The first variation of L
can be written as
δL = EδΨ+ dθ , (1)
where E = 0 defines the Euler-Lagrange equation of
motion, and θ is the symplectic potential three-form
θ(Ψ, δΨ). The antisymmetrized variation of the symplec-
tic potential θ yields the symplectic current three-form
ω as
ω = δ1θ(Ψ, δ2Ψ)− δ2θ(Ψ, δ1Ψ) . (2)
When δ1Ψ and δ2Ψ satisfied the linearized equations of
motions, then the symplectic current is conserved
dω = 0 . (3)
For static background, the symplectic form Ω for the
theory can obtained by the integral of the pullback of
symplectic current three-form
Ω(Ψ; δ1Ψ, δ2Ψ) =
∫
Σ
ω¯[Ψ; δ1Ψ, δ2Ψ] , (4)
where ω is the pullback of ω to the static hypersurfaces
of the background solution.
If the perturbational fields are denoted as ψα, then the
symplectic form takes the form
Ω(Ψ;ψα1 , ψ
α
2 ) =
∫
Σ
Wαβ
(
∂ψα1
∂t
ψβ2 −
∂ψα2
∂t
ψβ1
)
, (5)
where Wαβ is the three-form and it was showed that
Wαβ =Wβα [17].
UsingWαβ , we can define an inner product as
(ψ1, ψ2) ≡
∫
Σ
Wαβψ
α
1 ψ
β
2 (6)
Now suppose that the perturbational equations of mo-
tion take the form [17]
− ∂
2
∂t2
ψα = T αβψβ , (7)
where T is the time-evolution operator that contain spa-
tial derivatives only. Seifert and Wald [17] showed that
the operator T is self-adjoint and symmetric. Based on
Rayleigh-Ritz principle, we know that the greatest lower
bound, ω20 , of the spectrum of T is
ω20 ≤
(ψ, T ψ)
(ψ, ψ)
. (8)
Wald [29] showed that the background solution is sta-
ble if ω20 > 0. The denominator of Eq.(8) gives the in-
ner product and always be positive. So the numerator
(ψ, T ψ) > 0 implies that the system is stable, other-
wise the perturbation exist a grow exponentially on a
timescale τ = 1/|ω0|.
By Eqs.(6) and (7), the numerator of Eq.(8) becomes
(ψ, T ψ) =
∫
Σ
Wαβψ
α
1 T βγψγ2 = −
∫
Σ
Wαβψ
α
1
∂2ψβ2
∂t2
. (9)
In next subsection, we give the dynamical stability crite-
rion for f(R) theories by Eq.(9).
B. Dynamical stability criterion for f(R) theories
f(R) theories. In f(R) theories, the Ricci scalar R
in Einstein-Hilbert action is replaced by a function of R.
The Lagrangian four-form L reads as
L =
1
2
f(R)ǫ+Lmatter[A, g
ab] , (10)
where A denotes the matter fields. Taking the variation
of this Lagrangian we obtain the equation of motion
fRRab − 1
2
fgab − (∇a∇b − gab)fR = 8πTab . (11)
3Similarly to [18], f(R) theories can be reduced to gen-
eral relativity coupling to a scalar field α. And the La-
grangian is given by
L =
1
2
(fR(α)R + f(α)− αfR(α))ǫ +Lmatter[A, gab] .(12)
Varying this Lagrangian yields
θaf(R) = fRθ
a
GR + θ
a
matter
= +
1
2
[(∇bfR)δgab − (∇afR)gbcδgbc] , (13)
where θGR is the symplectic potential current in general
relativity,
θGR =
1
2
(gbc∇aδgbc −∇bδgab) . (14)
Spacetime metric. For spherically symmetric per-
turbations of static background, spherically symmetric
spacetimes, the metric take the form [30]
ds2 = −e2Φ(t,r)dt2 + e2Λ(t,r)dr2 + r2dΩ2 , (15)
for some function Φ and Λ, where dΩ2 = dθ2+sin2 θdϕ2.
In the rest of this manuscript, we denote the first order
perturbation of Φ and Λ by φ and λ, respectively, which
means that Φ(t, r) = Φ(r) + φ(t, r) and Λ(t, r) = Λ(r) +
λ(t, r).
Lagrangian for perfect fluid. Following Ref. [17],
we can define the three-form Nabc on four-dimensional
manifold M , which represents the density of fluid world-
lines, by
Nabc = NABC(X)∇aXA∇bXB∇cXC (16)
where NABC is the three-form which was defined on the
three-dimensional manifold of fluid worldlines,M. Then
one can define the scalar particle number density ν in
terms of Nabc as
ν2 =
1
6
NabcN
abc . (17)
If the Lagrangian for the matter part is given by
Lmatter = −̺(ν)ǫ , (18)
where ̺ is an arbitrary function of the particle density
ν. Taking variation of Eq.(18), Seifert and Wald [17]
constructed an identification
̺→ ρ , ̺′ν − ̺→ p , (19)
Here ̺′ denotes the derivative of ̺ with respect to ν.
Except for this, ′ means ∂
∂r
in other situations in our
manuscript. Moreover, they obtained the equation of
motion of matter, which was just the relativistic Euler
equation, and the symplectic current ωmatter of the per-
fect fluid.
From the conservation equation of energy momentum,
∇aT ab = 0, we have
dp
dr
= −(p+ ρ)dΦ
dr
. (20)
Together with the identification Eq.(19), it is easy to find
that
∂ν
∂r
= − ̺
′
̺′′
∂Φ
∂r
. (21)
This formula would be used frequently in the subsequent
calculations.
Lagrangian displacement. Seifert and Wald [17]
used the “Lagrangian coordinate” formalism to describe
the fluid matter. In this formalism, the fluid is described
by the manifold M of all fluid worldlines in the space-
time. There is a three “fluid coordinate” XA on M,
XA ≡ {XR, XΘ, XΦ}, and in the static background so-
lution we have XR = r, XΘ = θ, XΦ = ϕ. For spher-
ically symmetric perturbation case, δXΘ = δXφ = 0.
The radial perturbation δXR can be describes by radial
“Lagrangian displacement” as
ξ(r, t) ≡ −δXR(t, r) . (22)
Note that we use the opposite signature of the definition
of ξ as Ref. [17], to make the subsequent calculations
appear self-consistent (See Appendix (A)).
Dynamical stability criterion. To get the dynam-
ical stability criterion, we solve the linearized perturba-
tion of gravitational equations firstly. The perturbation
equation of t− r and r − r components of Eq.(11) gives
λ = F
(
∂b
∂r
− ∂Φ
∂r
b− e2Λ̺′νξ
)
, (23)
and
e2Λ−2Φ
∂2b
∂t2
= F ∂φ
∂r
+
(
∂Φ
∂r
+
2
r
)
∂b
∂r
+
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
b
−
(
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
)
λ− e2Λ̺′′νδν .(24)
There is another conservation equation will be used. For
spherical-symmetry metric Eq.(15), the first order varia-
tion of scalar curvature can be written as
e2Λ
(
Rλ+
b
2fRR
)
=
2e2Λ
r2
λ− 2
r
∂φ
∂r
− 2∂Φ
∂r
∂φ
∂r
+
2
r
∂λ
∂r
+
∂Φ
∂r
∂λ
∂r
+
∂φ
∂r
∂Λ
∂r
− ∂
2φ
∂r2
+ e2Λ−2Φ
∂2λ
∂t2
.(25)
While we also have the matter equation of motion [17],
which is just the time-evolution equation of variable ξ
e2Λ−2Φ̺′
∂2ξ
∂t2
+ ̺′
∂φ
∂r
+
(
∂
∂r
+
∂Φ
∂r
)
(̺′′δν) = 0 . (26)
4Substituting Eq.(13) into Eq.(2), we find the specific
form of the t-component of the symplectic current in
f(R) theories takes the form [18]:
ωt = ̺′νe2Λ−2Φ
(
∂ξ1
∂t
ξ2 − ∂ξ2
∂t
ξ1
)
+ e−2Φ
(
b1
∂λ2
∂t
− ∂b1
∂t
λ2 − b2 ∂λ1
∂t
+
∂b2
∂t
λ1
)
.(27)
From Eq.(27) we can read offWαβ. Denote the numera-
tor part of ω0 in Eq.(8), (ψ, T ψ), by PDyn. More explic-
itly, together with Eqs.(25) and (26), it can be written
as
PDyn =
∫
r
−r2e3Λ−Φ̺′νξ ∂
2ξ
∂t2
+r2eΛ−Φλ
∂2b
∂t2
+ r2eΛ−Φb
∂2λ
∂t2
. (28)
To obtain the time-evolution of each variables, i.e. ∂
2ξ
∂t2
,
∂2b
∂t2
and ∂
2λ
∂t2
, Seifert [18] showed that one can derive
∂φ/∂r from the isotropy condition for perfect fluid, p =
Gr
r = Gθ
θ, to eliminate the fR terms. However, the
expression of ∂φ/∂r derived from Ref. [18] can not di-
rectly degenerate to general relativity case. Here we
adopt some different techniques without any other con-
straint to handle Eq.(28), and find that our result can de-
generate to general relativity. Using integration by parts
and after some complicated calculations, we finally ob-
tain the dynamical stability criterion in the form
PDyn =
∫
r
C1Dyn
(
∂b
∂r
)2
+ C2Dyn
(
∂ξ
∂r
)2
+ C3Dynξ
∂b
∂r
+C4Dynb
∂ξ
∂r
+ C5Dyn
∂b
∂r
∂ξ
∂r
+ C6Dynb2
+C7Dynξ2 + C8Dynbξ , (29)
where each CiDyn are the functions of the background
fields. We put all detailed calculations and the expres-
sions of each CiDyn in Appendix (B).
III. THERMODYNAMICAL METHOD
We first briefly introduce the generalized thermody-
namical stability criterion obtained from the maximum
entropy principle. Please refer to Refs. [6] and [23] to
obtain further details and discussion.
Considering a perfect fluid star in static background
spacetime with a static slice Σ, we assume that quantities
are measured by static observers. The Tolman’s law gives
Tχ = const., where T and χ are the temperature of the
fluid and the redshift factor, respectively. Without loss
of generality, we take Tχ = 1. Assuming that the fluid in
regionC on Σ satisfied ordinary thermodynamic relations
and Tolman’s law. We have shown that if the constraint
equation holds and the total entropy is an extremum,
then the other components of gravitational equation are
obtained [6, 8, 10]. The fact implies that the full set of
gravitational equations may be replaced by the ordinary
thermodynamic relations and the constraint equation.
An isolated system in thermodynamical equilibrium is
said to be thermodynamical stable if δ2S < 0. In Ref.
[23] we have shown that if the star is deviated slightly
from equilibrium state, the second variation of total en-
tropy takes the form
δ2S =
∫
C
1
T
[
2δρδ
√
h+
√
hδ2ρ
+(p+ ρ)δ2
√
h− δp · δρ
p+ ρ
√
h
]
, (30)
where ρ and p are the energy density and pressure, re-
spectively.
In the case of general relativity, we have proven that
the thermodynamical stability criterion given by Eq.(30)
is the same as the dynamical stability criterion given by
Ref. [17]. In this section, we calculate the thermody-
namical stability criterion in f(R) gravities. Recall that
the gravitational field equation of f(R) theories can be
written as
fRRab − 1
2
fgab − [∇a∇b − gab]fR = 8πTab , (31)
and the general spherical symmetric spacetime is
ds2 = −e2Φ(t,r)dt2 + e2Λ(t,r)dr2 + r2dΩ2 , (32)
we can easily obtain the energy density ρ = Tt
t and the
pressure p = Tr
r of the perfect fluid star as
ρ =
fR
r2
+
e−2Λ(2rΛ′ − 1)
r2
fR +
1
2
f
−R
2
fR − e−2Λf ′′R + e−2Λ
(
Λ′ − 2
r
)
f ′R , (33)
p = −fR
r2
+
e−2Λ(1 + 2rΦ′)
r2
fR − 1
2
f
+
R
2
fR + e
−2Λ
(
2
r
+Φ′
)
f ′R . (34)
Since the redshift factor χ = eΦ, the temperature takes
the form T = e−Φ. Based on Chandrasekhar’s procedure
[11], the t− r component of Eq.(31) gives
−(p+ ρ)e2Λ ∂ξ
∂x0
= fR
2
r
∂Λ
∂x0
− ∂f
′
R
∂x0
+
∂Φ
∂r
∂fR
∂x0
+
∂Λ
∂x0
∂fR
∂r
. (35)
By direct integration, we have
λ = F−1
(
∂
∂r
b − ∂Φ
∂r
b− (p+ ρ)e2Λξ
)
, (36)
this is just Eq.(23).
5To calculate the explicitly form of Eq.(30) and compare
with the dynamical stability criterion, we consider the
same Lagrangian of matter as Eq.(18), which gives the
identified relation Eq.(19) as
̺→ ρ , ̺′ν − ̺→ p . (37)
These relations yield
δρ = ̺′δν , δp = ̺′′ν · δν , (38)
so
δp · δρ
p+ ρ
=
̺′′νδν · ̺′δν
̺′ν
= ̺′′(δν)2 , (39)
where the explicitly form of δν is given by Eq.(A4).
Meanwhile, the variation of the volume element
√
h gives
δ
√
h = r2eΛλ , (40)
and the variation of Eq.(33) gives
δρ =
b
r2
− 2e
−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
fRλ+
2e−2Λ
r
fR
∂λ
∂r
+
e−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
b− R
2
b+ 2e−2Λf ′′Rλ
−e−2Λb′′ − 2e−2Λ
(
∂Λ
∂r
− 2
r
)
f ′Rλ
+e−2Λ
∂λ
∂r
f ′R + e
−2Λ
(
∂Λ
∂r
− 2
r
)
b′ . (41)
Then the second variation of
√
h and ρ can be obtained.
Substituting these relations into Eq.(30), after tediously
calculations we find that the thermodynamical stability
criterion takes the form:
δ2S =
∫
r
C1Thermo
(
∂b
∂r
)2
+ C2Thermo
(
∂ξ
∂r
)2
+C3Thermoξ
∂b
∂r
+ C4Thermob
∂ξ
∂r
+ C5Thermo
∂b
∂r
∂ξ
∂r
+C6Thermob2 + C7Thermoξ2 + C8Thermobξ , (42)
where each CiThermo are the functions of the background
fields. We put all detailed calculations and the expres-
sions of each CiThermo in Appendix (C).
IV. CONCLUSIONS AND DISCUSSIONS
We have investigated the stability criterions for static
spherical symmetric perfect fluid in f(R) theories by
dynamical and thermodynamical methods, respectively.
The dynamical stability criterion of the spherically sym-
metric perfect fluid in f(R) theories is given by Eq.(29).
If the system is dynamical stable, then (ψ, T ψ) > 0, i.e.,
PDyn > 0. And the thermodynamical stability criterion
is given by Eq.(42). The negative of the second varia-
tion of the total entropy, δ2S < 0, means the system is
thermodynamical stable. Comparing Eqs.(B10), (B12),
(B19), (B20), (B22), (B25), (B28), (B31) and Eqs.(C10),
(C11), (C12), (C13), (C14), (C18), (C21), (C22), we find
that
CiDyn = −CiThermo . (43)
Therefore, Eqs. (29) and (42) are exactly the same ex-
cept the opposite signs, which shows that the dynamical
stability criterion is the same as the thermodynamical
stability criterion in f(R) theories. Combining with the
result obtained in Ref. [23], we find that the dynamical
stability can be replaced by thermodynamical stability
not only in general relativity, but also in modified the-
ories, such as f(R) theories. It suggests that there is a
universal inherent connection between thermodynamics
and gravity.
Comparing the concrete calculations of the stability
criterions, we found that thermodynamical method is
more directly and simpler than the dynamical method.
In dynamical method, one should determine the sym-
plectic current ωa and the three-form Wαβ firstly, and
then solve each evolution equation for variable by compli-
cated calculations (it should be pointed out whether the
evolution equation can be solved is uncertainly). After
these preparations one can obtain the stability criterion.
In thermodynamical method, we only need to substitute
the expressions of the energy density ρ and the pressure
p into Eq.(30), then the thermodynamical stability crite-
rion can be obtained directly.
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Appendix A: Signature of the definition of ξ
In this appendix, we would show that if we choose an
opposite signature of the definition of ξ given by Ref.
[17], i.e.,
ξ = −δXR , (A1)
then it seems self-consistent that the variation of energy
density obtained by different ways would be the same.
Similarly to [17], assume that
NRΘΦ = q(X
R) sinXΘ , (A2)
where q is an arbitrary function of XR. By Eq.(17), the
number density can be expressed as
ν =
q(XR)
r2
√
e−2Λ
(
∂XR
∂r
)2
− e−2Φ
(
∂XR
∂t
)2
. (A3)
6If we choose ξ = −δXR, then the variation of Eq.(A3)
gives
δν = −ν
(
∂ξ
∂r
+
(
1
ν
∂ν
∂r
+
∂Λ
∂r
+
2
r
)
ξ + λ
)
. (A4)
In general relativity, following the main processes pre-
sented in [17], we find that
λGR = − r
2
e2Λ̺′νξ . (A5)
Together with the background equation of motion
̺′ν = p+ ρ =
2
r
e−2Λ
(
∂Λ
∂r
+
∂Φ
∂r
)
, (A6)
substituting Eq.(A5) into Eq.(A4) yields
δνGR = −ν
(
∂ξ
∂r
+
2
r
ξ − ∂Φ
∂r
ξ +
1
ν
∂ν
∂r
ξ
)
. (A7)
However, the variation of the energy density δρ can also
be written as [12]
δρGR = − 1
r2
∂
∂r
[r2(p+ ρ)ξ] , (A8)
combining with Eq.(A6), directly calculation shows that
δρGR = ̺
′δνGR . (A9)
Generalize to f(R) theories, Eq.(A5) becomes to
λf(R) = F−1
(
∂b
∂r
− ∂Φ
∂r
b− e2Λ̺′νξ
)
, (A10)
then
δνf(R) = −ν
(
∂ξ
∂r
+
(
1
ν
∂ν
∂r
+
2
r
+
∂Λ
∂r
)
ξ + λ
)
= −ν
(
∂ξ
∂r
+
(
1
ν
∂ν
∂r
+
2
r
− ∂Φ
∂r
)
ξ + F−1 ∂b
∂r
−F−1 ∂Φ
∂r
b+ f ′′RF−1
)
. (A11)
Take the variation of Eq.(33) in f(R) theories,
δρf(R) = −̺′ν
∂ξ
∂r
−F−1̺′ν ∂b
∂r
+
[
̺′ν
∂Φ
∂r
+
̺′2
̺′′
∂Φ
∂r
− 2
r
̺′ν − ̺′νf ′′RF−1
]
ξ + F−1̺′ν ∂Φ
∂r
b
= −̺′ν
[
∂ξ
∂r
+ F−1 ∂b
∂r
− ∂Φ
∂r
ξ +
1
ν
∂ν
∂r
ξ +
2
r
ξ + f ′′RF−1ξ −F−1
∂Φ
∂r
b
]
= ̺′δνf(R) . (A12)
So Eq.(A9) and Eq.(A12) show that it is self-consistent if we define the “Lagrangian displacement” as ξ = −δXR.
Appendix B: Detailed calculation and result of Dynamical stability criterion
In this appendix, we will show the detailed calculations of how to obtain the criterion for dynamical stability. The
main goal is to eliminate the time-evolution terms in Eq.(28). Some relationships are repeatedly used, such as Eq.(21).
We also use the background equation of motion, which takes the form
p+ ρ = ̺′ν = e−2Λ
(
∂Φ
∂r
+
∂Λ
∂r
)
F − e−2Λf ′′R . (B1)
We already have time-evolution equations of variables b, λ and ξ, see Eqs.(24), (25) and (26). From Eq.(24), we
7obtain
F ∂
2φ
∂r2
= −∂F
∂r
∂φ
∂r
+ 2e2Λ−2Φ
(
∂Λ
∂r
− ∂Φ
∂r
)
∂2b
∂t2
+ e2Λ−2Φ
∂
∂r
∂2b
∂t2
−
(
∂2Φ
∂r2
− 2
r2
)
∂b
∂r
−
(
∂Φ
∂r
+
2
r
)
∂2b
∂r2
−
(
− 2
r2
∂Λ
∂r
+
2
r
∂2Λ
∂r2
+
∂2Λ
∂r2
∂Φ
∂r
+
∂Λ
∂r
∂2Φ
∂r2
− 2∂Φ
∂r
∂2Φ
∂r2
− ∂
3Φ
∂r3
)
b
−
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
∂b
∂r
+
(
2
(
∂2Φ
∂r2
− 2
r2
)
F + 2
(
∂Φ
∂r
+
2
r
)
∂F
∂r
+
12
r3
fR − 6
r2
f ′R
)
λ+
(
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
)
∂λ
∂r
+2e2Λ
∂Λ
∂r
̺′′νδν + e2Λ̺′′′
∂ν
∂r
νδν + e2Λ̺′′
∂ν
∂r
δν + e2Λ̺′′ν
∂δν
∂r
. (B2)
Note that Eq.(23) yields
Fe2Λ−2Φ ∂
2λ
∂t2
= e2Λ−2Φ
(
∂
∂r
∂2b
∂t2
− ∂Φ
∂r
∂2b
∂t2
− e2Λ̺′ν ∂
2ξ
∂t2
)
. (B3)
Together with Eqs.(25) and (B3), and then using Eq.(B2), we obtain
Fe2Λ
(
R− 2
r2
)
λ+ F e
2Λb
2fRR
+ F
(
2
r
+ 2
∂Φ
∂r
− ∂Λ
∂r
)
∂φ
∂r
−F
(
∂Φ
∂r
+
2
r
)
∂λ
∂r
+ 2e2Λ−2Φ
(
∂Λ
∂r
− ∂Φ
∂r
)
∂2b
∂t2
−
(
∂2Φ
∂r2
− 2
r2
)
∂b
∂r
−
(
∂Φ
∂r
+
2
r
)
∂2b
∂r2
−
(
− 2
r2
∂Λ
∂r
+
2
r
∂2Λ
∂r2
+
∂2Λ
∂r2
∂Φ
∂r
+
∂Λ
∂r
∂2Φ
∂r2
− 2∂Φ
∂r
∂2Φ
∂r2
− ∂
3Φ
∂r3
)
b
−
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
∂b
∂r
+
(
2
(
∂2Φ
∂r2
− 2
r2
)
F + 2
(
∂Φ
∂r
+
2
r
)
∂F
∂r
+
12
r3
fR − 6
r2
f ′R
)
λ
+
(
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
)
∂λ
∂r
+ 2e2Λ
∂Λ
∂r
̺′′νδν + e2Λ̺′′′
∂ν
∂r
νδν + e2Λ̺′′
∂ν
∂r
δν + e2Λ̺′′ν
∂δν
∂r
− ∂F
∂r
∂φ
∂r
+e2Λ−2Φ
∂Φ
∂r
∂2b
∂t2
− e2Λ̺′ν ∂φ
∂r
− e2Λν
(
∂
∂r
+
∂Φ
∂r
)
(̺′′δν) = 0 . (B4)
Simplified this relation we have
6
r2
F−1fRe2Λ−2Φ ∂
2b
∂t2
= −Fe2Λ
(
R − 2
r2
)
λ−F e
2Λb
2fRR
+
(
∂Φ
∂r
+
2
r
)
∂2b
∂r2
+
(
− 2
r2
∂Λ
∂r
+
2
r
∂2Λ
∂r2
+
∂2Λ
∂r2
∂Φ
∂r
+
∂Λ
∂r
∂2Φ
∂r2
− 2∂Φ
∂r
∂2Φ
∂r2
− ∂
3Φ
∂r3
)
b
+
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− 2
r2
)
∂b
∂r
−
(
2
(
∂2Φ
∂r2
− 2
r2
)
F + 2
(
∂Φ
∂r
+
2
r
)
∂F
∂r
+
12
r3
fR − 6
r2
f ′R
)
λ
+
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
∂F
∂r
λ−
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
×
(
∂2b
∂r2
− ∂
2Φ
∂r2
b− ∂Φ
∂r
∂b
∂r
− 2e2Λ∂Λ
∂r
̺′νξ − e2Λ̺′′ ∂ν
∂r
νξ − e2Λ̺′ ∂ν
∂r
ξ − e2Λ̺′ν ∂ξ
∂r
)
−e2Λ̺′′ ∂ν
∂r
δν +
(
∂Φ
∂r
− 2∂Λ
∂r
+
6
r2
F−1fR
)(
∂Φ
∂r
+
2
r
)
∂b
∂r
+
(
∂Φ
∂r
− 2∂Λ
∂r
+
6
r2
F−1fR
)(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
b
−
(
∂Φ
∂r
− 2∂Λ
∂r
+
6
r2
F−1fR
)(
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
)
λ− 6
r2
F−1fRe2Λ̺′′νδν . (B5)
8Now we pay attention to Eq.(28)
PDyn =
∫
r
−r2e3Λ−Φ̺′νξ ∂
2ξ
∂t2
+ r2eΛ−Φλ
∂2b
∂t2
+ r2eΛ−Φb
∂2λ
∂t2
. (B6)
Substituting Eqs.(25) and (26) into Eq.(B6), and using integration by parts, then
PDyn =
∫
r
r2eΛ+Φξ̺′ν
∂φ
∂r
− 2reΛ+Φν̺′′ξδν − r2eΛ+Φ ∂Λ
∂r
ν̺′′ξδν − r2eΛ+Φν̺′′ ∂ξ
∂r
δν
+r2eΛ+Φ̺′
∂Φ
∂r
ξδν + r2eΛ−ΦF−2
(
−e2Λ̺′νb − 6
r2
fRb−Fe2Λ̺′νξ
)
∂2b
∂t2
+r2eΛ+ΦbF−1̺′ν ∂φ
∂r
− 2reΛ+ΦF−1̺′′νbδν − r2eΛ+Φ ∂Λ
∂r
F−1̺′′νbδν
+r2eΛ+Φ
∂Φ
∂r
F−1̺′bδν − r2eΛ+ΦF−1̺′′ν ∂b
∂r
δν + r2F−2eΛ+Φ ∂F
∂r
̺′′νbδν . (B7)
Together with Eqs.(24) and (B5), all time-evolution terms eliminated in PDyn,
PDyn =
∫
r
r2eΛ+ΦF−1
{
−̺′ν
(
∂Φ
∂r
+
2
r
)
ξ
∂b
∂r
− ̺′ν
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
ξb
+̺′ν
(
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
)
ξλ+ ̺′νe2Λ̺′′νξδν − 2
r
Fν̺′′ξδν −F ∂Λ
∂r
ν̺′′ξδν
−Fν̺′′ ∂ξ
∂r
δν + F̺′ ∂Φ
∂r
ξδν −F−1̺′ν
(
∂Φ
∂r
+
2
r
)
b
∂b
∂r
−F−1̺′ν
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
b2 + F−1̺′ν
(
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
)
bλ
+F−1̺′νe2Λ̺′′νbδν − 2
r
̺′′νbδν − ∂Λ
∂r
̺′′νbδν − ̺′′ν ∂b
∂r
δν + F−1 ∂F
∂r
̺′′νbδν
+F
(
R− 2
r2
)
bλ+ F b
2
2fRR
− 6
r2
e−2ΛF−1fRb ∂
2b
∂r2
−e−2Λ
(
− 2
r2
∂Λ
∂r
+
2
r
∂2Λ
∂r2
+
∂2Λ
∂r2
∂Φ
∂r
+
∂Λ
∂r
∂2Φ
∂r2
− 2∂Φ
∂r
∂2Φ
∂r2
− ∂
3Φ
∂r3
)
b2
−e−2Λ
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− 2
r2
)
b
∂b
∂r
+e−2Λ
(
2
(
∂2Φ
∂r2
− 2
r2
)
F + 2
(
∂Φ
∂r
+
2
r
)
∂F
∂r
+
12
r3
fR − 6
r2
f ′R
)
bλ
−e−2Λ
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
∂F
∂r
bλ+ e−2Λ
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
b
×
(
−∂
2Φ
∂r2
b− ∂Φ
∂r
∂b
∂r
− 2e2Λ ∂Λ
∂r
̺′νξ − e2Λ̺′′ ∂ν
∂r
νξ − e2Λ̺′ ∂ν
∂r
ξ − e2Λ̺′ν ∂ξ
∂r
)
−e−2Λ
(
∂Φ
∂r
− 2∂Λ
∂r
+
6
r2
F−1fR
)(
∂Φ
∂r
+
2
r
)
b
∂b
∂r
−e−2Λ
(
∂Φ
∂r
− 2∂Λ
∂r
+
6
r2
F−1fR
)(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
b2
+e−2Λ
(
∂Φ
∂r
− 2∂Λ
∂r
+
6
r2
F−1fR
)(
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
)
bλ+ F−1 6
r2
fR̺
′′νbδν
}
. (B8)
This is the explicit expression of PDyn = (ψ, T ψ) for f(R) gravity. Since the integration by parts would be used
in the following calculation, we denote the terms associated with CiDyn by P iDyn. Now we can read off each P iDyn
coefficients from Eq.(B8) one by one:
9The first term is the
(
∂b
∂r
)2
term,
P1Dyn =
∫
r
(F−2r2eΛ+Φ̺′′ν2 + 6F−2e−Λ+ΦfR)
(
∂b
∂r
)2
, (B9)
hence
C1Dyn = F−2r2eΛ+Φ̺′′ν2 + 6F−2e−Λ+ΦfR . (B10)
The second term is the
(
∂ξ
∂r
)2
term,
P2Dyn =
∫
r
r2eΛ+Φ̺′′ν2
(
∂ξ
∂r
)2
, (B11)
so
C2Dyn = r2eΛ+Φ̺′′ν2 . (B12)
The third term is the ξ ∂b
∂r
term:
P ′3Dyn =
∫
r
−r2eΛ+ΦF−1̺′ν
(
∂Φ
∂r
+
2
r
)
ξ
∂b
∂r
+ r2eΛ+ΦF−1̺′ν
(
2
(
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
ξ
∂b
∂r
−r2eΛ+ΦF−2̺′νe2Λ̺′′ν2ξ ∂b
∂r
+ 2reΛ+Φ̺′′ν2F−1ξ ∂b
∂r
+ r2eΛ+Φ
∂Λ
∂r
̺′′ν2F−1ξ ∂b
∂r
−r2eΛ+Φ̺′ν ∂Φ
∂r
F−1ξ ∂b
∂r
+ r2eΛ+ΦF−1̺′′ν2
((
∂Λ
∂r
+
2
r
+
1
ν
∂ν
∂r
)
−F−1e2Λ̺′ν
)
ξ
∂b
∂r
=
∫
r
[
r2eΛ+ΦF−1̺′ν
((
−∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
− 2r2eΛ+ΦF−1
(
∂Φ
∂r
− 2
r
−F−1f ′′R
)
̺′′ν2
]
ξ
∂b
∂r
.(B13)
And the fourth term is the b∂ξ
∂r
term:
P ′4Dyn =
∫
r
−r2eΛ+Φν̺′′ ∂ξ
∂r
δν + r2eΛ+ΦF−2̺′νe2Λ̺′′νbδν − 2reΛ+ΦF−1̺′′νbδν − r2eΛ+Φ ∂Λ
∂r
F−1̺′′νbδν
+r2F−2eΛ+Φ ∂F
∂r
̺′′νbδν − r2F−1eΛ+Φ̺′ν
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
b
∂ξ
∂r
+ r2F−2eΛ+Φ 6
r2
fR̺
′′νbδν
=
∫
r
[
−2r2eΛ+Φ̺′′ν2F−1 ∂Φ
∂r
− r2F−1eΛ+Φ̺′ν
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)]
b
∂ξ
∂r
. (B14)
Note that using integration by parts and dropping boundary terms,
∫
r
ξ ∂b
∂r
terms and
∫
r
b∂ξ
∂r
terms can translate to
each other. To compare with the coefficients of thermodynamical stability criterion, we can rewrite the coefficients
P ′3Dyn and P ′4Dyn as
P ′3Dyn = P3Dyn +
∫
r
r2eΛ+ΦF−1̺′ν
(
−∂Φ
∂r
− 2
r
+
6
r2
fRF−1
)
ξ
∂b
∂r
= P3Dyn + P3↔4Dyn +
∫
r
r2eΛ+ΦF−1̺′ν
(
∂Φ
∂r
+
2
r
− 6
r2
fRF−1
)
b
∂ξ
∂r
, (B15)
where
P3Dyn =
∫
r
[
−4eΦ+ΛF−2̺′ν(fR − rf ′R)− 2r2eΦ+ΛF−1̺′′ν2
(
∂Φ
∂r
− 2
r
− f ′′RF−1
)]
ξ
∂b
∂r
,
(B16)
and
P3↔4Dyn =
∫
r
∂
∂r
[
r2eΛ+ΦF−1̺′ν
(
∂Φ
∂r
+
2
r
− 6
r2
fRF−1
)]
bξ . (B17)
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It is worthy noting that P3↔4Dyn should be considered when we obtain the coefficient C8Dyn of bξ term in subsequent
calculation. We also have
P4Dyn = P ′4Dyn +
∫
r
r2eΛ+ΦF−1̺′ν
(
∂Φ
∂r
+
2
r
− 6
r2
fRF−1
)
b
∂ξ
∂r
=
∫
r
−2r2eΛ+Φ̺′′ν2F−1 ∂Φ
∂r
b
∂ξ
∂r
. (B18)
From Eqs.(B16) and (B18) we get
C3Dyn = −4eΦ+ΛF−2̺′ν(fR − rf ′R)− 2r2eΦ+ΛF−1̺′′ν2
(
∂Φ
∂r
− 2
r
− f ′′RF−1
)
, (B19)
and
C4Dyn = −2r2eΛ+Φ̺′′ν2F−1
∂Φ
∂r
. (B20)
The fifth term is the ∂ξ
∂r
∂b
∂r
term:
P5Dyn =
∫
r
r2eΛ+Φ̺′′ν2
∂ξ
∂r
F−1 ∂b
∂r
+ r2eΛ+ΦF−1̺′′ν2 ∂b
∂r
∂ξ
∂r
=
∫
r
2r2F−1eΛ+Φ̺′′ν2 ∂ξ
∂r
∂b
∂r
, (B21)
so
C5Dyn = 2r2F−1eΛ+Φ̺′′ν2 . (B22)
The calculation of last three terms P6Dyn, P7Dyn and P8Dyn are very complicated, so we just show the main steps in
our manuscript. Note that F = f ′R + 2r fR, which yields
∂F
∂r
= f ′′R +
2
r
F − 6
r2
fR = f
′′
R +
3
r
f ′R −
1
r
F . (B23)
This relation would be used frequently below.
The sixth term is the b2 term, select all terms contain b2 in Eq.(B8), then direct calculation gives
P6Dyn =
∫
r
r2e−Λ+ΦF−1
{
−e2ΛF−1̺′ν
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
b2
−∂Φ
∂r
[
− 2
r2
− 6
r2
F−1f ′R + 2
(
∂Φ
∂r
)2
+
6
r
∂Φ
∂r
− ∂Φ
∂r
F−1f ′′R +
36
r3
F−1fR
−2
r
F−1f ′′R −
6
r2
F−1 ∂Φ
∂r
fR +
6
r2
F−1fR ∂Λ
∂r
− 72
r4
F−2f2R +
12
r2
F−2fRf ′′R
]
b2
+e2ΛF 1
2fRR
b2 −
(
− 2
r2
∂Λ
∂r
+
2
r
∂2Λ
∂r2
+
∂2Λ
∂r2
∂Φ
∂r
+
∂Λ
∂r
∂2Φ
∂r2
− 2∂Φ
∂r
∂2Φ
∂r2
− ∂
3Φ
∂r3
)
b2
−
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
∂2Φ
∂r2
b2
−
(
∂Φ
∂r
− 2∂Λ
∂r
+
6
r2
F−1fR
)(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
b2
+
[
−2
r
∂Λ
∂r
− ∂Λ
∂r
∂Φ
∂r
− 6
r2
F−1f ′R + 3
(
∂Φ
∂r
)2
+
6
r
∂Φ
∂r
− ∂Φ
∂r
F−1f ′′R +
36
r3
F−1fR
−2
r
F−1f ′′R −
6
r2
F−1 ∂Φ
∂r
fR +
6
r2
F−1fR ∂Λ
∂r
− 72
r4
F−2f2R +
12
r2
F−2fRf ′′R
]
b
∂b
∂r
+
[
−12
r2
F−2 ∂F
∂r
fR +
6
r2
F−1
(
−∂Λ
∂r
+
∂Φ
∂r
)
fR +
6
r2
F−1f ′R
]
b
∂b
∂r
−
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)
∂Φ
∂r
b
∂b
∂r
−
(
2
∂Φ
∂r
− ∂Λ
∂r
+
6
r2
F−1fR −F−1f ′′R
)(
∂Φ
∂r
+
2
r
)
b
∂b
∂r
+
2
r
e2ΛF−1 ∂Φ
∂r
̺′′ν2b2 + e2ΛF−1
(
∂Λ
∂r
∂Φ
∂r
+ 2
(
∂Φ
∂r
)2)
̺′′ν2b2 − 2e2ΛF−2 ∂F
∂r
∂Φ
∂r
̺′′ν2b2
+e2ΛF−1 ∂
2Φ
∂r2
̺′′ν2b2 − e2ΛF−1
(
∂Φ
∂r
)2
̺′′′̺′
̺′′
ν2b2 − 2e2ΛF−1
(
∂Φ
∂r
)2
̺′νb2
}
. (B24)
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Simplifying Eq.(B24) and we obtain the coefficient C6Dyn as
C6Dyn = −r2e−Λ+ΦF−1
[
10
∂Λ
∂r
∂Φ
∂r
+ 3
∂Λ
∂r
(
∂Φ
∂r
)2
− 3∂Φ
∂r
∂2Φ
∂r2
+
4
r2
∂Λ
∂r
+
2
r
∂2Λ
∂r2
+
∂2Λ
∂r2
∂Φ
∂r
+ 2
∂Λ
∂r
∂2Φ
∂r2
− ∂
3Φ
∂r3
− 4
r
∂2Φ
∂r2
− 2
r2
∂Φ
∂r
− 2
r
(
∂Λ
∂r
)2
−
(
∂Λ
∂r
)2
∂Φ
∂r
]
+r2e−Λ+ΦF−2
(
6
r2
∂Λ
∂r
+
6
r
∂Λ
∂r
∂Φ
∂r
− 6
r
(
∂Φ
∂r
)2
− 6
r
∂2Φ
∂r2
− 12
r2
∂Φ
∂r
)
f ′R
+r2e−Λ+ΦF−2
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
− ∂
2Φ
∂r2
− 4
r
∂Φ
∂r
)
f ′′R + r
2eΛ+Φ
1
2fRR
+r2eΛ+ΦF−2
(
∂Λ
∂r
∂Φ
∂r
+ 2
(
∂Φ
∂r
)2
+
4
r
∂Φ
∂r
+
∂2Φ
∂r2
)
̺′′ν2
+2r2eΛ+ΦF−3
(
−3
r
f ′R − f ′′R
)
∂Φ
∂r
̺′′ν2 − r2eΛ+ΦF−2
(
∂Φ
∂r
)2
̺′′′̺′
̺′′
ν2
−2r2eΛ+ΦF−2
(
∂Φ
∂r
)2
̺′ν + 6e−Λ+ΦF−3 ∂Φ
∂r
(3f ′R + rf
′′
R) f
′
R . (B25)
The seventh term is the ξ2 term, select all terms contain ξ2 in Eq.(B8) we have
P7Dyn =
∫
r
−r2eΛ+ΦF−1̺′ν
[
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
]
F−1e2Λ̺′νξ2
−r2eΛ+ΦF−1̺′νe2Λ̺′′ν2
[(
∂Λ
∂r
+
2
r
+
1
ν
∂ν
∂r
)
−F−1e2Λ̺′ν
]
ξ2
+2reΛ+Φ̺′′ν2
[(
∂Λ
∂r
+
2
r
+
1
ν
∂ν
∂r
)
−F−1e2Λ̺′ν
]
ξ2
+r2eΛ+Φ
∂Λ
∂r
̺′′ν2
[(
∂Λ
∂r
+
2
r
+
1
ν
∂ν
∂r
)
−F−1e2Λ̺′ν
]
ξ2
−r2eΛ+Φ̺′ν ∂Φ
∂r
[(
∂Λ
∂r
+
2
r
+
1
ν
∂ν
∂r
)
−F−1e2Λ̺′ν
]
ξ2
+r2eΛ+Φ̺′′ν2
[(
∂Λ
∂r
+
2
r
+
1
ν
∂ν
∂r
)
−F−1e2Λ̺′ν
]
ξ
∂ξ
∂r
−r2eΛ+ΦF−1̺′νe2Λ̺′′ν2ξ ∂ξ
∂r
+ 2reΛ+Φ̺′′ν2ξ
∂ξ
∂r
+r2eΛ+Φ
∂Λ
∂r
̺′′ν2ξ
∂ξ
∂r
− r2eΛ+Φ̺′ν ∂Φ
∂r
ξ
∂ξ
∂r
. (B26)
Using integration by parts we obtain the simplified result of P7Dyn
P7Dyn =
∫
r
r2eΛ+Φ̺′ν
[
−∂Φ
∂r
∂Λ
∂r
− 2
(
∂Φ
∂r
)2
+ 2F−1 ∂Φ
∂r
f ′′R −
4
r
∂Λ
∂r
− 2
r
∂Φ
∂r
+
4
r
F−1f ′′R +
6
r2
F−1fR ∂Λ
∂r
+
6
r2
F−1fR ∂Φ
∂r
− 6
r2
F−2fRf ′′R +
∂2Φ
∂r2
]
+r2eΛ+Φ̺′′ν2
[
∂Λ
∂r
∂Φ
∂r
+ 2
(
∂Φ
∂r
)2
+
∂2Φ
∂r2
− 2
r
∂Λ
∂r
− 4
r
∂Φ
∂r
+
2
r2
−∂Λ
∂r
F−1f ′′R − 3
∂Φ
∂r
F−1f ′′R + 2F−2f ′′2R −
6
r2
F−2fRf ′′R −F−1f ′′′R +
4
r
F−1f ′′R
]
+r2eΛ+Φ
̺′′′̺′
̺′′
ν2
[
2
r
∂Φ
∂r
−
(
∂Φ
∂r
)2
+
∂Φ
∂r
f ′′RF−1
]
. (B27)
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So C7Dyn can be obtained. Using Eq.(B1) we find that C7Dyn can be written as
C7Dyn = r2eΛ+Φ̺′ν
[
−∂Φ
∂r
∂Λ
∂r
− 2
(
∂Φ
∂r
)2
+ 2F−1 ∂Φ
∂r
f ′′R −
1
r
∂Λ
∂r
+
1
r
∂Φ
∂r
+
1
r
F−1f ′′R −
3
r
F−2f ′R̺′ν +
∂2Φ
∂r2
]
+r2eΛ+Φ̺′′ν2
[
2
∂Λ
∂r
∂Φ
∂r
+
(
∂Φ
∂r
)2
− 6
r
∂Φ
∂r
+
1
r2
+
e2Λ
r2
− e2ΛR
2
− ∂Λ
∂r
F−1f ′′R − 3
∂Φ
∂r
F−1f ′′R
+2F−2f ′′2R +
2
r2
F−2fRf ′′R −F−1f ′′′R +
4
r
F−2f ′′Rf ′R
]
+r2eΛ+Φ
̺′′′̺′
̺′′
ν2
[
2
r
∂Φ
∂r
−
(
∂Φ
∂r
)2
+
∂Φ
∂r
f ′′RF−1
]
. (B28)
The last term is the bξ term, select all bξ terms in Eq.(B8), with the addition of Eq.(B17), we have
P8Dyn =
∫
r
r2eΛ+ΦF−1
{
−̺′ν
(
2
r
∂Λ
∂r
+
∂Λ
∂r
∂Φ
∂r
−
(
∂Φ
∂r
)2
− ∂
2Φ
∂r2
)
bξ
−̺′ν
(
2
(
∂Φ
∂r
)2
+
4
r
∂Φ
∂r
− 6
r2
F−1 ∂Φ
∂r
fR
)
bξ +
(
∂Λ
∂r
∂Φ
∂r
+
(
∂Φ
∂r
)2
−F−1 ∂Φ
∂r
f ′′R
)
̺′′ν2bξ
−2
r
∂Φ
∂r
̺′′ν2bξ − ∂Λ
∂r
∂Φ
∂r
̺′′ν2bξ + ̺′ν
(
∂Φ
∂r
)2
bξ
−
(
− 2
r2
+
4
r
∂Λ
∂r
− 4
r
∂Φ
∂r
+ 2
∂Λ
∂r
∂Φ
∂r
− 2
(
∂Φ
∂r
)2
− 2∂
2Φ
∂r2
)
̺′νbξ
−F−1
[
2
(
∂2Φ
∂r2
− 2
r2
)
F +
(
∂Φ
∂r
+
2
r
)
∂F
∂r
+
12
r3
fR − 6
r2
f ′R +
6
r2
F−1 ∂F
∂r
fR
]
̺′νbξ
+
((
∂Φ
∂r
+
2
r
)
− 6
r2
F−1fR
)(
−2∂Λ
∂r
̺′ν +
∂Φ
∂r
̺′ν +
̺′2
̺′′
∂Φ
∂r
)
bξ
−F−1
[
2
∂Φ
∂r
− ∂Λ
∂r
+
6
r2
F−1fR −F−1f ′′R
] [
2
(
∂Φ
∂r
+
2
r
)
F − 6
r2
fR
]
̺′νbξ
−F−1 6
r2
fR̺
′′ν2
(
2
r
+
̺′
̺′′ν
∂Φ
∂r
− ∂Φ
∂r
+ F−1f ′′R
)
bξ −F−1̺′νe2Λ̺′′ν2
(
2
r
+
̺′
̺′′ν
∂Φ
∂r
− ∂Φ
∂r
+ F−1f ′′R
)
bξ
+
2
r
̺′′ν2
(
2
r
+
̺′
̺′′ν
∂Φ
∂r
− ∂Φ
∂r
+ F−1f ′′R
)
bξ +
∂Λ
∂r
̺′′ν2
(
2
r
+
̺′
̺′′ν
∂Φ
∂r
− ∂Φ
∂r
+ F−1f ′′R
)
bξ
−F−1 ∂F
∂r
̺′′ν2
(
2
r
+
̺′
̺′′ν
∂Φ
∂r
− ∂Φ
∂r
+ F−1f ′′R
)
bξ
}
+ P3↔4Dyn . (B29)
After some calculations we obtain
P8Dyn =
∫
r
2r2eΛ+ΦF−1 ∂Φ
∂r
(
∂Φ
∂r
− 2
r
−F−1f ′′R
)
̺′′ν2bξ
−r2eΛ+Φ
(
4
r
∂Λ
∂r
+ 2
∂Λ
∂r
∂Φ
∂r
− 2∂
2Φ
∂r2
+
2
r
∂Φ
∂r
)
F−1̺′νbξ − r2eΛ+Φ 6
r
F−2 ∂Φ
∂r
f ′R̺
′νbξ , (B30)
which yields
C8Dyn = 2r2eΛ+ΦF−1
∂Φ
∂r
(
∂Φ
∂r
− 2
r
−F−1f ′′R
)
̺′′ν2
−r2eΛ+Φ
(
4
r
∂Λ
∂r
+ 2
∂Λ
∂r
∂Φ
∂r
− 2∂
2Φ
∂r2
+
2
r
∂Φ
∂r
)
F−1̺′ν − r2eΛ+Φ 6
r
F−2 ∂Φ
∂r
f ′R̺
′ν . (B31)
Substituting these coefficient CiDyn into Eq. (29) gives the dynamical stability criterion for perfect fluid in f(R)
theories.
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Degenerate to general relativity, f(R) = R, hence b = δfR = 0, and only C1Dyndegenerate and C7Dyndegenerate remain.
It is easy to check that
PDyndegenerate =
∫
r
C1Dyndegenerate
(
∂ξ
∂r
)2
+ C7Dyndegenerateξ2 (B32)
is the dynamical stability criterion given by Eq.(97) of Ref. [17].
Appendix C: Detailed calculation and result of Thermodynamical stability criterion
In this appendix, we will show the detailed calculations of the explicitly form of thermodynamical stability criterion,
δ2S. From Eqs.(40) and (41), we obtain the second variation of
√
h as
δ2
√
h = r2eΛλ2 + r2eΛδλ , (C1)
and the second variation of ρ as
δ2ρ =
δb
r2
+
4e−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
fRλ
2 − 2e
−2Λ
r
fR
∂
∂r
λ2 − 4e
−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
bλ− 2e
−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
fRδλ
+
4e−2Λ
r
b
∂λ
∂r
+
e−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
δb− 2e
−2Λ
r
fR
∂
∂r
λ2 +
2e−2Λ
r
fR
∂
∂r
δλ− b
2
δR− R
2
δb
−4e−2Λf ′′Rλ2 + 4e−2Λb′′λ+ 2e−2Λf ′′Rδλ− e−2Λδb′′ + 4e−2Λ
(
∂Λ
∂r
− 2
r
)
f ′Rλ
2 − 2e−2Λf ′R
∂
∂r
λ2
−2e−2Λ
(
∂Λ
∂r
− 2
r
)
b′λ− 2e−2Λ
(
∂Λ
∂r
− 2
r
)
f ′Rδλ+ e
−2Λf ′R
∂
∂r
δλ+ 2e−2Λ
(
∂λ
∂r
)
· b′
−2e−2Λ
(
∂Λ
∂r
− 2
r
)
b′λ+ e−2Λ
(
∂Λ
∂r
− 2
r
)
δb′ . (C2)
Now we can calculate the terms in the righthand side of Eq.(30) one by one. Note that in spherical symmetry case∫
C
becomes
∫
r
. The first term in the righthand side of Eq.(30) can be calculated as
∫
r
2
T
δρδ
√
h =
∫
r
2eΦ+Λr2
[
1
r2
bλ− 2e
−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
fRλ
2 +
e−2Λ
r
fR
∂
∂r
λ2
+
e−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
bλ− R
2
bλ+ 2e−2Λf ′′Rλ
2 − e−2Λb′′λ
−2e−2Λ
(
∂Λ
∂r
− 2
r
)
f ′Rλ
2 +
1
2
e−2Λf ′R
∂
∂r
λ2 + e−2Λ
(
∂Λ
∂r
− 2
r
)
b′λ
]
.
(C3)
Using integration by parts we obtain
∫
r
2
T
δρδ
√
h =
∫
r
eΦ+Λr2
[
e−2Λ
(
4
r
∂Φ
∂r
− 2∂Λ
∂r
∂Φ
∂r
+ 2
(
∂Φ
∂r
)2
+ 2
∂2Φ
∂r2
)
bλ
+2e−2Λ
∂Φ
∂r
b′λ+ 2e−2Λb′
∂λ
∂r
+
(
−3(p+ ρ) + e−2Λ
(
4
r
∂Φ
∂r
+
2
r2
)
fR + e
−2Λ
(
2
∂Φ
∂r
+
4
r
)
f ′R
)
λ2
]
.
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With Eq.(C2), the second term in the righthand side of Eq.(30) becomes∫
r
1
T
√
hδ2ρ =
∫
r
eΦ+Λr2 ·
[
δb
r2
+
4e−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
fRλ
2 − 2e
−2Λ
r
fR
∂
∂r
λ2 − 4e
−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
bλ
−2e
−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
fRδλ+
4e−2Λ
r
b
∂λ
∂r
+
e−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
δb− 2e
−2Λ
r
fR
∂
∂r
λ2
+
2e−2Λ
r
fR
∂
∂r
δλ− b
2
δR− R
2
δb− 4e−2Λf ′′Rλ2 + 4e−2Λb′′λ+ 2e−2Λf ′′Rδλ− e−2Λδb′′
+4e−2Λ
(
∂Λ
∂r
− 2
r
)
f ′Rλ
2 − 2e−2Λf ′R
∂
∂r
λ2 − 2e−2Λ
(
∂Λ
∂r
− 2
r
)
b′λ− 2e−2Λ
(
∂Λ
∂r
− 2
r
)
f ′Rδλ
+e−2Λf ′R
∂
∂r
δλ+ 2e−2Λ
(
∂λ
∂r
)
· b′ − 2e−2Λ
(
∂Λ
∂r
− 2
r
)
b′λ+ e−2Λ
(
∂Λ
∂r
− 2
r
)
δb′
]
. (C5)
Using integration by parts, we obtain the simplified expression as∫
r
1
T
√
hδ2ρ =
∫
r
eΦ+Λr2 ·
{[
4e−2Λ
r
(
∂Λ
∂r
+
∂Φ
∂r
)
fR + 2e
−2Λ
(
∂Λ
∂Φ
+
∂Φ
∂r
)
f ′R − 2e−2Λf ′′R
]
λ2
+
[
e−2Λf ′′R − e−2Λf ′R
(
∂Φ
∂r
+
∂Λ
∂r
)
− 2e−2Λ
(
∂Λ
∂r
+
∂Φ
∂r
)
fR
r
]
δλ
−4e
−2Λ
r2
(
2r
∂Λ
∂r
− 1
)
bλ+
4e−2Λ
r
b
∂λ
∂r
− b
2
δR− 2e−2Λb′ ∂λ
∂r
− 4e−2Λ∂Φ
∂r
b′λ
}
. (C6)
The third term in the righthand side of Eq.(30) is
∫
r
1
T
(p+ ρ)δ2
√
h, which can be written as∫
r
1
T
(p+ ρ)δ2
√
h =
∫
r
eΦ(p+ ρ)[eΛr2λ2 + eΛr2δλ] . (C7)
And the fourth term in the righthand side of Eq.(30) is∫
r
− 1
T
δpδρ
p+ ρ
√
h = −
∫
r
eΦ+Λr2̺′′(δν)2 . (C8)
Together with Eqs.(C4), (C6), (C7) and (C8), the second variation of total entropy takes the form
δ2S =
∫
r
(
−4eΦ−Λr∂Λ
∂r
− 2eΦ−Λr2 ∂Λ
∂r
∂Φ
∂r
+ 2eΦ−Λr2
(
∂Φ
∂r
)2
+ 2eΦ−Λr2
∂2Φ
∂r2
)
F−1
[
−̺′νe2Λξb+ 1
2
∂
∂r
b2 − ∂Φ
∂r
b2
]
+
[(
4eΦ−Λr
∂Φ
∂r
+ 2eΦ−Λ
)
fR +
(
2eΦ−Λr2
∂Φ
∂r
+ 4eΦ−Λr
)
f ′R
]
×F−2
[
(̺′ν)2e4Λξ2 +
(
∂
∂r
b
)2
+
(
∂Φ
∂r
)2
b2 − 2̺′νe2Λξ ∂
∂r
b+ 2̺′νe2Λξ
∂Φ
∂r
b− 2∂Φ
∂r
b
∂
∂r
b
]
− eΦ+Λr2 b
2
2fRR
−
(
2eΦ−Λ
∂Φ
∂r
r2 + 4eΦ−Λr
)
×F−1
[
−̺′νe2Λξ ∂b
∂r
+
(
∂b
∂r
)2
− 1
2
∂Φ
∂r
∂
∂r
b2
]
−eΦ+Λr2̺′′
[
−ν ∂ξ
∂r
−F−1ν ∂b
∂r
+ F−1ν ∂Φ
∂r
b+
(
ν
∂Φ
∂r
+
̺′
̺′′
∂Φ
∂r
− 2
r
ν − νf ′′RF−1
)
ξ
]2
. (C9)
The δν terms in Eq.(C8) can be calculated by Eqs.(A4) and (23). It is worthy noting that all second variation of
variables, such as δb and δλ, vanish. That is because we assume that the system state is deviated only slightly from
equilibrium state. Now the coefficients C1Thermo to C8Thermo can be directly read off from Eq.(C9).
The first term is the
(
∂b
∂r
)2
term
C1Thermo =
[(
4eΦ−Λr
∂Φ
∂r
+ 2eΦ−Λ
)
fR +
(
2eΦ−Λr2
∂Φ
∂r
+ 4eΦ−Λr
)
f ′R
]
F−2
−
(
2eΦ−Λ
∂Φ
∂r
r2 + 4eΦ−Λr
)
F−1 − eΦ+Λr2̺′′(F−1ν)2
= −F−2(6eΦ−ΛfR + eΦ+Λ̺′′r2ν2) . (C10)
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The second term is the
(
∂ξ
∂r
)2
term
C2Thermo = −eΦ+Λr2̺′′ν2 . (C11)
The third term is the ξ ∂b
∂r
term
C3Thermo = 2eΦ−Λ
[(
2r
∂Φ
∂r
+ 1
)
fR +
(
r2
∂Φ
∂r
+ 2r
)
f ′R
]
F−2 (−2̺′νe2Λ)
−
(
2eΦ−Λ
∂Φ
∂r
r2 + 4eΦ−Λr
)
F−2
(
2
r
fR + f
′
R
)
(−̺′νe2Λ)
−2eΦ+Λr2̺′′
(
ν
∂Φ
∂r
+
̺′
̺′′
∂Φ
∂r
− 2
r
ν − νf ′′RF−1
)
(−F−1ν)
= 4eΦ+ΛF−2̺′ν(fR − rf ′R) + 2r2eΦ+ΛF−1̺′′ν2
(
∂Φ
∂r
− 2
r
− f ′′RF−1
)
. (C12)
The fourth term is the b∂ξ
∂r
term
C4Thermo = 2eΦ+Λr2F−1̺′′ν2
∂Φ
∂r
. (C13)
The fifth term is the ∂ξ
∂r
∂b
∂r
term
C5Thermo = −2eΦ+Λr2F−1̺′′ν2 . (C14)
Since integration by parts will be used when we calculate the sixth term b2 and the seventh term ξ2. Similarly
to appendix (B), we denote the terms associated with C6Thermo and C7Thermo by P6Thermo and P7Thermo, respectively.
Select all terms contain b2 in Eq.(C9), we get the sixth term as
P6Thermo =
∫
r
eΦ−Λ
(
−2r∂Λ
∂r
− r2 ∂Λ
∂r
∂Φ
∂r
+ r2
(
∂Φ
∂r
)2
+ r2
∂2Φ
∂r2
)
F−1 ∂
∂r
b2
+2eΦ−Λ
(
−2r∂Λ
∂r
− r2 ∂Λ
∂r
∂Φ
∂r
+ r2
(
∂Φ
∂r
)2
+ r2
∂2Φ
∂r2
)
F−1
(
−∂Φ
∂r
)
b2
+2eΦ−Λ
[(
2r
∂Φ
∂r
+ 1
)
fR +
(
r2
∂Φ
∂r
+ 2r
)
f ′R
]
F−2
(
∂Φ
∂r
)2
b2
−2eΦ−Λ
[(
2r
∂Φ
∂r
+ 1
)
fR +
(
r2
∂Φ
∂r
+ 2r
)
f ′R
]
F−2 ∂Φ
∂r
∂
∂r
b2
−eΦ+Λr2 b
2
2fRR
−
(
eΦ−Λ
∂Φ
∂r
r2 + 2eΦ−Λr
)
F−1
(
−∂Φ
∂r
)
∂
∂r
b2
−eΦ+Λr2̺′′
(
F−1ν ∂Φ
∂r
)2
b2 − 2eΦ+Λr2̺′′
(
−F−1ν ∂b
∂r
)(
F−1ν ∂Φ
∂r
b
)
. (C15)
Simplifying Eq.(C15) yields
P6Thermo =
∫
r
eΦ−ΛF−1
[
4r
∂Λ
∂r
+ 2r2
∂Λ
∂r
∂Φ
∂r
− 2r2 ∂
2Φ
∂r2
+ r
∂Φ
∂r
]
∂Φ
∂r
b2
−eΦ+Λr2 b
2
2fRR
− eΦ+Λr2̺′′F−2ν2
(
∂Φ
∂r
)2
b2 + 3eΦ−ΛrF−2
(
∂Φ
∂r
)2
f ′Rb
2
−eΦ−Λ
[
2r
∂Λ
∂r
+ r2
∂Λ
∂r
∂Φ
∂r
− r2 ∂
2Φ
∂r2
− r∂Φ
∂r
]
F−1 ∂
∂r
b2
−3rf ′ReΦ−ΛF−2
∂Φ
∂r
∂
∂r
b2 + eΦ+Λr2̺′′F−2ν2 ∂Φ
∂r
∂
∂r
b2 . (C16)
16
Using integration by parts, and after many calculations, we obtain the simplified result takes the form
P6Thermo =
∫
r
eΦ−Λ
[
10r
∂Λ
∂r
∂Φ
∂r
+ 3r2
∂Λ
∂r
(
∂Φ
∂r
)2
− 3r2 ∂
2Φ
∂r2
∂Φ
∂r
+ 4
∂Λ
∂r
+ 2r
∂2Λ
∂r2
+ r2
∂2Λ
∂r2
∂Φ
∂r
+2r2
∂Λ
∂r
∂2Φ
∂r2
− r2 ∂
3Φ
∂r3
− 2∂Φ
∂r
− 4r∂
2Φ
∂r2
− 2r
(
∂Λ
∂r
)2
− r2
(
∂Λ
∂r
)2
∂Φ
∂r
]
F−1b2
+eΦ−Λ
(
−2r∂Λ
∂r
− r2 ∂Λ
∂r
∂Φ
∂r
+ r2
∂2Φ
∂r2
+ 4r
∂Φ
∂r
)
F−2f ′′Rb2
+eΦ−Λ
(
−6∂Λ
∂r
− 3r∂Λ
∂r
∂Φ
∂r
+ 3r
∂2Φ
∂r2
+ 12
∂Φ
∂r
)
F−2f ′Rb2
+f ′Re
Φ−Λ
(
6r
(
∂Φ
∂r
)2
− 3r∂Φ
∂r
∂Λ
∂r
)
F−2b2 + 3rf ′ReΦ−ΛF−2
∂2Φ
∂r2
b2
−eΦ+Λr2̺′′F−2ν2
[
∂Λ
∂r
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∂r
+ 2
(
∂Φ
∂r
)2
+
4
r
∂Φ
∂r
+
∂2Φ
∂r2
]
b2
−6rf ′ReΦ−ΛF−3
(
3
r
f ′R + f
′′
R
)
∂Φ
∂r
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̺′′
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(
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(
3
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∂r
b2 + 2eΦ+Λr2F−2̺′ν
(
∂Φ
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)2
b2 − eΦ+Λr2 b
2
2fRR
. (C17)
which means that C6Thermo can be written as
C6Thermo = r2eΦ−ΛF−1
[
10
r
∂Λ
∂r
∂Φ
∂r
+ 3
∂Λ
∂r
(
∂Φ
∂r
)2
− 3∂
2Φ
∂r2
∂Φ
∂r
+
4
r2
∂Λ
∂r
+
2
r
∂2Λ
∂r2
+
∂2Λ
∂r2
∂Φ
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∂r
∂2Φ
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3Φ
∂r3
− 2
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∂r
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r
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∂r
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−
(
∂Λ
∂r
)2
∂Φ
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∂Φ
∂r
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∂2Φ
∂r2
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∂Φ
∂r
)
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+eΦ−ΛF−2
(
−6∂Λ
∂r
− 6r∂Λ
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∂Φ
∂r
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∂r
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(
∂Φ
∂r
)2)
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−eΦ+Λr2F−2̺′′ν2
[
∂Λ
∂r
∂Φ
∂r
+ 2
(
∂Φ
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)2
+
4
r
∂Φ
∂r
+
∂2Φ
∂r2
]
−6reΦ−ΛF−3
(
3
r
f ′R + f
′′
R
)
∂Φ
∂r
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Φ+Λr2F−2p̺
′′′̺′
̺′′
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(
∂Φ
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)2
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(
3
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f ′R + f
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∂Φ
∂r
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(
∂Φ
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)2
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2fRR
. (C18)
Select all terms contain ξ2 in Eq.(C9), then the seventh term takes the form
P7Thermo =
∫
r
2eΦ−Λ
[(
2r
∂Φ
∂r
+ 1
)
fR +
(
r2
∂Φ
∂r
+ 2r
)
f ′R
]
F−2̺′2ν2e4Λξ2
−eΦ+Λr2 ̺
′′
̺′2
(
̺′ν
∂Φ
∂r
+
̺′2
̺′′
∂Φ
∂r
− 2
r
̺′ν − ̺′νf ′′RF−1
)2
ξ2
−2eΦ+Λr2̺′′
(
−ν ∂ξ
∂r
)(
ν
∂Φ
∂r
+
̺′
̺′′
∂Φ
∂r
− 2
r
ν − νf ′′RF−1
)
ξ . (C19)
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Simplifying Eq.(C19) and using integration by parts, after some calculations we obtain that
P7Thermo
=
∫
r
eΛ+Φr2̺′ν
[
e2Λ̺′ν
3
r
f ′RF−2 + 2
(
∂Φ
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∂Φ
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∂r
∂Λ
∂r
+
6
r
∂Φ
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]
ξ2 , (C20)
hence
C7Thermo = eΛ+Φr2̺′ν
[
e2Λ̺′ν
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r
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∂r
− 1
r
∂Φ
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∂r
∂Λ
∂r
+
6
r
∂Φ
∂r
− 1
r2
− e
2Λ
r2
+ e2Λ
R
2
+ 3f ′′RF−1
∂Φ
∂r
+f ′′RF−1
∂Λ
∂r
+ f ′′′R F−1 − 2f ′′2R F−2 −
2
r2
f ′′RfRF−2 −
4
r
f ′′Rf
′
RF−2
]
+eΛ+Φr2
̺′′′̺′
̺′′
ν2
[(
∂Φ
∂r
)2
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∂Φ
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, (C21)
The last term is the bξ term, this term is not complicated, so C8Thermo can be directly read off from Eq.(C9),
C8Thermo = 2eΦ−Λ
[
−2r∂Λ
∂r
− r2 ∂Λ
∂r
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∂r
+ r2
(
∂Φ
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(
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r
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)
.
(C22)
Substituting these coefficients CiThermo into Eq. (42) we obtain the thermodynamical stability criterion for perfect
fluid in f(R) theories.
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